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AAPM 2016, 58th Annual Meeting & Exhibition, Session in Memory of Jean Pouliot: Next-Generation 

Deformable Image Registration 

• Introduction to Image Registration 

• Symmetric Image Registration 

• Jacobian of a Transformation 

• Large Deformation Diffeomorphic Image Registration 

• Currents 

• Applications  
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Original/Moving Deformed/Target Transform 

Direction 

• A transformation establishes a unique correspondence 

between each (y1,y2) coordinate in the original image with a 

point (x1,x2) in the deformed/transformed image. 
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Original/Moving Deformed/Target 

• There are two types of transformations that produce the same deformed image: 

• A push-forward transformation pushes an intensity from (y1,y2) to (x1,x2). 
• A pullback transformation pulls an intensity from (y1,y2) to (x1,x2). 

• Push-forward and pullback transformations are inverses of each other. 

• It is convenient to use a push-forward transformation when describing how an image 

transforms from its original to its deformed shape. 
• However, a pullback transformation is used to compute the deformed image. 

Transform 

Direction 
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Original/Moving Deformed/Target Transform 

Direction 
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Original/Moving Deformed/Target Transform 

Direction 

9 

Directly using the push-forward transform 

may not work as you would expect... 
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Original Transformed 
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Original Transformed 

(1,1) -> (2,2) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

1 0 1 0 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

Original Transformed 

(1,2) -> (2,4) 
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Original Transformed 

(1,3) -> (2,6) 
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Original Transformed 

(1,4) -> (2,8) 

(1,5) -> (2,10) 

(2,3) -> (4,6) 

(3,1) -> (6,2) 

(3,2) -> (6,4) 

(3,3) -> (6,6) 

(3,4) -> (6,8) 

(3,5) -> (6,10) 
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Original Transformed 

HOLES! 
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Now lets see what happens using the 

pullback transformation. 

Original Transformed 

“Nearest-neighbor” 

interpolation 
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“Nearest-neighbor” 

interpolation 
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Original Transformed 
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“Nearest-neighbor” 

interpolation 
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“Nearest-neighbor” 

interpolation 
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Christensen and Johnson, Consistent Image Registration, IEEE TMI 20(7), July 2001, pp. 568-582. 
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The determinant of the push-forward transformation Jacobian describes the 

pointwise expansion or contraction produced by the transformation at y.  

 

 

 

 

 

 

 

Example interpretations of the push-forward Jacobian determinant: 

 

• det(J) = 0 -> transformation is singular (no inverse) 

• 0 < det(J) < 1 -> area becomes smaller 

• det(J) = 1 -> area is preserved  

• det(J) > 1 -> area becomes larger 

 

NOTE: The Jacobian determinant is occasionally referred to as "the Jacobian." 
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The determinant of the pullback transformation Jacobian describes the pointwise 

expansion or contraction produced by the transformation at x.  

 

 

 

 

 

 

 

Example interpretations of the pullback Jacobian determinant: 

 

• det(J) = 0 -> transformation is singular (no inverse) 

• 0 < det(J) < 1 -> area becomes larger 

• det(J) = 1 -> area is preserved  

• det(J) > 1 -> area becomes smaller 

 

NOTE: The matrix inverse of the push-forward Jacobian matrix is the Jacobian 

matrix of the pullback transformation if the transformation is a diffeomorphism.  
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Inhalation Exhalation 

• Jac > 1: Expansion   (purple) 

• Jac < 1: Contraction  (red) 

• Jac = 1: No volume change 

 

 An obvious dorsal to ventral 

gradient is noticed  

 

 

 Vessels have small volume change. 
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Beg, Miller, Trouve, Younes. Computing Large Deformation Metric Mappings via Geodesic Flows of Diffeomorphisms. IJCV, 61(2); 2005. 
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Beg, Miller, Trouve, Younes. Computing Large Deformation Metric Mappings via Geodesic Flows of Diffeomorphisms. IJCV, 61(2); 2005. 
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Beg, Miller, Trouve, Younes. Computing Large Deformation Metric Mappings via Geodesic Flows of Diffeomorphisms. IJCV, 61(2); 2005. 
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Beg, Miller, Trouve, Younes. Computing Large Deformation Metric Mappings via Geodesic Flows of Diffeomorphisms. IJCV, 61(2); 2005. 
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 Intensity-based similarity metrics 

 SSD      ---  Sum of Squared intensity Difference  

 MI          ---  Mutual Information  

 SSTVD ---  Sum of Squared Tissue Volume Difference/   

 Mass preserving image registration 

 SSVMD --- Sum of Squared Vesselness Measure Difference 

 Curve and Surface-based similarity metric:   

 Currents 

 4D similarity metric 

 Group SSD 
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FRC TLC 

Consider CT intensity 

change due to 

different air content 

during respiration! 
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And 

 

S. Durrleman. Statistical models of currents for measuring the variability of anatomical 

curves, surfaces and their evolution. PhD thesis, 2009. 

 In 2005, J. Glaunès and M. Vaillant introduced the concept of 

currents in the field of Computational Anatomy. 

 The currents similarity measure does not assume point 

correspondence between meshes or polygonal curves. 

 They proposed to use the framework of reproducing kernel 

Hilbert spaces (RKHS) to give a tractable formula of this 

metric as well as its derivatives. 
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Glaunès. Transport par difféomorphismes de points, de mesures et de courants pour la comparaison de formes et  

l’anatomie numérique . PhD thesis, Université Paris 13, 2005. 

Vaillant and Glaunès. Surface Matching via Currents . In Proceedings of IPMI 2005, LNCS 3565. Springer. 
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Points and line segments 

Points, line segments and 

tangents 

How do we define 

correspondence between 

two lines? 

Pointwise? 

What if there are a 

different number of 

points? 

One solution is to use currents to represent a curve. 

Currents do not assume correspondence between curves 

But, what is a current? 
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Momenta corresponding to 

 vessel tree centerlines 

 From Gorbunova et al., Curve- and Surface-based Registration of Lung CT images 

Via Currents. 2nd International Workshop on Pulmonary Image Analysis, 2009 
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Momenta corresponding to 

 the lung surface 

 From Gorbunova et al., Curve- and Surface-based Registration of Lung CT images 

Via Currents. 2nd International Workshop on Pulmonary Image Analysis, 2009 
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Red = Y-shaped object 

 

Blue = vector field representation of 

Y-shaped object via a linear 

combination of Gaussian kernel basis 

functions. 

 

Circle = location of a momentum 

 

standard deviation of Gaussian 

kernel = 1.2 
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W = RKHS 
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W = RKHS 

             W* = 

   Dual Space of W 

 = Space of Currents 
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W = RKHS 

             W* = 

   Dual Space of W 

 = Space of Currents 
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Momenta corresponding to 

 vessel tree centerlines 

 From Gorbunova et al., Curve- and Surface-based Registration of Lung CT images 

Via Currents. 2nd International Workshop on Pulmonary Image Analysis, 2009 
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Momenta corresponding to 

 the lung surface 

 From Gorbunova et al., Curve- and Surface-based Registration of Lung CT images 

Via Currents. 2nd International Workshop on Pulmonary Image Analysis, 2009 
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W = RKHS 

             W* = 

   Dual Space of W 

 = Space of Currents 
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W = RKHS 

             W* = 

   Dual Space of W 

 = Space of Currents 
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W = RKHS 

             W* = 

   Dual Space of W 
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58 

 Linear Strain Tensor 

 

 

 

 

 Apply SVD on strain tensors to get 

Principal Strains:                              Principal Directions: 
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1 

Isotropic 

deformation 

Anisotropic 

deformation 

Tissues around fissures have more 

anisotropic deformation.  
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 Jacobian --- Specific volume change            Strain Tensors --- Geometric information        

                   (Def. magnitude, direction and pattern) 

Max prin. strain Jacobian ADI 

prin. strain prin. direction ADI 



21 

 Biomechanical analysis of lung motion using mechanical measures (PI 

Reinhardt, HL079406, Iowa). 

 Tracking cumulative dose in pulmonary RT in presence of tumor regression 

and atelectasis (PI Hugo, CA166119, VCU and Iowa) 

 4DCT reconstruction using 4D B-spline registration (PI Hugo, CA166119, 

VCU and Iowa)  

 Modeling and predicting dose response in pulmonary RT using 

pretreatment Jacobian determinant (PI Bayouth, CA166703, Wisconsin and 

Iowa) 

 Starting Aug 2016 at Wisconsin, treating patients with Pulmonary RT plans 

that spare healthy lung tissue based on pretreatment Jacobian determinant 

(PI Bayouth, CA166703, Wisconsin and Iowa) 

61 

62 

• Kunlin Cao 

• Kai Ding 

• Kaifang Du 

• Ryan Amelon 

• Chris Guy 

• Youbing Yin 

• Matt Fuld 

We would like to thank K. Murphy and B. van Ginneken for use of the 

IX software.  

 

This work was supported in part by the NIH grants HL079406, 

CA166119 and CA166703. 

• Oguz Durumeric 

• Joseph Reinhardt 

• Madhavan Raghavan 

• Geoff Hugo 

• Elisabeth Weiss 

• John Bayouth 

• Eric Hoffman 

• Jeffrey Williamson 

63 


