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Elasticity Imaging — Goal

Remote
non-invasive (or adjunct to invasive)
imaging (or sensing) of
mechanical properties of

tissue for
clinical applications

Elasticity

Changes in tissue elasticity are related to pathological changes

.. Such swellings as are soft, free from pain, and yield to the finger, ... and
are less dangerous than the others.
... then, as are painful, hard, and large, indicate danger of speedy death;
but such as are soft, free of pain, and yield when pressed with the finger,
are more chronic than these.

THE BOOK OF PROGNOSTICS, Hippocrates, 400 B.C.

It is the business of the physician to know, in the first place, things similar
and things dissimilar; ... which are to be seen, touched, and heard; which
are to be perceived in the sight, and the touch, and the hearing, ... which
are to be known by all the means we know other things.

Hippocrates ON THE SURGERY, Hippocrates, 400 B.C.

Hippocrates, 4008.C.




Elasticity Imaging — Glance at History

Hippocrates, circa 460-377 B.C.
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Mechanical Properties of Tissue

Elasticity (e.g., bulk and shear moduli)
Viscosity (e.g., bulk and shear viscosities)
Nonlinearity (e.g., strain hardening)

Other (e.g., anisotropy, pseudoelasticity)

Mechanical Properties of Tissue

Elasticity (e.g., bulk and shear moduli)




Elasticity
Relations between various elastic constants
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Constant
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Which Elastic Moduli?
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Poisson’s ratio (v)
Bulk modulus (K)

Shear modulus (1=G)
Young’s modulus (E)

Most soft tissues are incompressible, i.e.,
deformation produces no volume change

G K+2G
c = [|—<c¢=—2=
P P

In addition, due to tissue incompressibility,

Young’s modulus = 3 - shear modulus

=3u

Human sense of touch —

Rigid circular die

what do we feel?

Incompressible material

F=3ué,
wi
Semi-infinite elastic medium
K — bulk modulus
1 - shear modulus E= 3/1
G ' Static deformation of
_ K (nearly) incompressible material is

F=8RWG 1+1 %ﬁa 8RWu primarily determined by

3K shear or Young’s modulus

Sanvazyan etal, 1995




Breast Tissue Elasticity and Pathology

Skovoroda et al., 1995, siophysics, 40(6):1359-1364.

Breast Tissue Elasticity and Pathology

Wellm

Breast Tissue | Normal Infiltrative ductal Fibroadenomas of | Infiltrative ductal cancer Ductal
gland | cancer with alveolar glandular origin with fibrous tissue fibroadenoma
tissue predominating predominating.
Young's
Modulus (kPa) | 05-15 1015 1525 2030 80120

Krouskop et al., 1998, uitrasonicimaging, 20:260-274

Breast Tissue Type

Tissue Elastic Modulus (kPa)
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an et al., 1999, HarvardsioroboticsLaboratory Technical Report.
Tissue Type Elastic | $D | Elastic [ SD | Elastic | SD | Elastic | SD
Modulus Modulus Modulus Modulus
at Strain at Strain at Strain at Strain
0.01 0.08 0.10 0.15

Fat 4.8 25 6.6 7 10.4| 7.9 174 84
Gland 17.5] 8.6 33]12.0 88.1| 66.7] 271.8| 167.7,
[Phyllodes Tumor 56.6| 0.0} 90.8[ 8.6 164.3| 0.0 297.7] 0.0]
Papilloma 222] 5.8 54.4[19.7 169.7| 80.6] 537.8] 209.1
Lobular Carcinoma 34.7[ 0.0] 78.9] 0.0 221.8) 0.0 628.4| 0.0]
Fibroadenoma 45.5/20.1 100.5)139.6 288.4/110.9 880.2) 205
Infiltrating Duetal 47.1{ 19.8] 115.7(42.9 384.5/126.9] 1366.5 348.2
Carcinoma
[Ductal Careinoma in Situ 71.2] 0.0] 188.7) 0.0 638.7] 0.0] 2162.1 0.0}

Samani et al., 2003, physics in Medicine and Biology, 48:2183-2198

Adipose  Fibroglandular  High grade ductal
tissue tissue carcinoma

s(Nm=' 138 1275 2

E (kPa) 1.9 1.8 12.0

Elastic Properties of Prostate Gland
Aglyamov S.R. and Skovoroda A.R., 2000, Biophysics, 2000, 45(6).

Prostate glawd

Canine prossae gand

Paker et al. 1990

Skovoroda cal, 1095
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Elastic Properties of Arteries

Sarvazyan A.P., 2001,” In: Handbook of Elastic Properties of Solids, Liquids and Gases.

Type of soft tissue E, kPa Comments Reference
Artery
human, in vitro
Thoracic aorta 300-940 For normal physiological conditions of longitudinal McDonald, 1974
Abdominal aorta 980-1.420 tension and distending blood pressure, below 200 mm
lia artery 11003500 | g
Femoral arery 12305500
Ascending aorta 183582 M-made echocardiography in different age groups Alessandri et al., 1995
Coronary artery 1060-4,110 | Represents values for various ages (0-80 y.0.) and Orolanta stal. 1998
atherosclerosis conditions in right and left arteries. g
rat, in vitro " Equilibrated at intraluminal pressure of 45 mmHg,
mesentericsmallarteries | 100-1,500 media thickness and lumen diameter were measured in | Intengen et al., 1998
the applied 3 -140 mmHg intraluminal pressure range.
aortic wall 700-1,600 Renge includes measurements for normal vs Marque et al., 1999
spontaneously hypertensive animals
porcine, invitro
thoracic aorta
intima-mediallayer | 43
adventita layer a1
ascending aorta
Bending experiments were used t0 impose various
intima-mediallayer | 447 Fung, 1993
i e hvd stains on different layers of tested blood vessels
descending aorta
intima-mediallayer | 248
adventita layer 69

Contrast in Elasticity Imaging

Liquids

All Soft Tissues —bl I:I Bone

102 10° 10¢ 105 106 107 108 100 gor Bulk Modulus (Pa)

(0] (] (I Shear Morius P

Blood Dermis Bone
Vitreous Humor Connective Tissue
Contracted Muscle
Palpable Nodules

Glandular Tissue of Breast Epidermis
iver Cartilage
Relaxed Muscle Cornea
Fat

Sanvazyan et al, 1995

Contrast Mechanism in
Other Imaging Modalities

Computerized Tomography:
spatial distribution of the absorption (density)

MRI:
proton spin density and relaxation time constants

Ultrasound Imaging:
variation in acoustical impedance
(bulk modulus and density)

Optical Imaging:
refraction index, absorption/scattering




Theory of Elasticity

Strain
Stress
Constitutive relationships
Equations of equilibrium

References

Strain

1-D deformation
Lo

~—
E—

L=Lo*AL

Lagrangian strain:

e
2L

Other strains:

Small deformations:

&«Hitﬂ}
L 20§

Strain Tensor
11 &1 &3
€ & &3

€31 &3 &3

Normal strain components:
€113 €291 633

Shear strain components:
£12 =811 603 = £ 61 = €1y

)

General:
1(ou, ou; au, du,
gj=o L+
2\ ox, % ox ox;
Symmetry:
i =i

Stress

1-D example
L
F— G+ @
o 0 s
L=L+AL

Cauchy stress:

E
o=—
S

Other stresses:

o|n
'y

F.
So S
Small deformations:

AL F_F_FL

e L.
L 575751

Stress Tensor

Oy Oy Oy
Oy Oy Oy
O3 Oy Oy
Symmetry:
0'.1 = O-l\

Normal and Shear Stresses

Normal stress components:
0111022053
Shear stress components:
O1p = 0413023 = 03,031 = O




Constitutive Relations

Uniaxial Deformation
Lo
F— NG+ @
o s
=Ly+AL

o= EL‘”
E - Young’s modulus
&,
v=-22
&

v — Poisson’s ratio

‘This is not a definition of a Poisson’s ratio

General Concept

o d
>
gy

P — strain energy function or potential

Stress

Strain
Examples:
Rubber — Mooney-Rivlin function
Foam — Blatz-K(a)o potential
Tissue — ??? (Fung 1981)

Constitutive Relations

Generalized Hooke’s Law
Strain energy (linear, anisotropic material):
1
V=1, +Ecumr\gugmn

Stress-strain relations:
i = Cijmém

Hooke’s Law
Strain energy (linear, isotropic material):
Y=, +%ef + ue]

Stress-strain relations:
Oy = A&0y + 2418,

constants

Symmetry:

one plane (monoclinic) - 13

two orthogonal planes (orthotropic) - 9
one axis (transversely isotropic) -5
(cubic) -3

Two elastic constants (1 and y, for example)
are needed to describe linear isotropic material

Nonlinearity
Strain energy:
Y="(,1,1,)
Stress-strain relations:
Nonlinear

Equations of Equilibrium

1-D example
¢ — NG —
C—

o7,(X) = const Lo
x

Remarks:

+ Generally, both elastic moduli are functions of
coordinate: A=2(X;,X,X3) and p=p(X;,X5,X3)

« In forward problem formulation, there are
15 equations and 15 unknowns (o, &, U)

+ The existence and uniqueness of the solution
can be demonstrated

General

Equilibrium (Newton’s 20 law)

oo,
>—t+f=0
T 0K,
i body (volumetric) forces, e.g., gravity

Constitutive (stress-strain) relations:

o
oy =5 (00, 0y = Ay + 205,

Strain-displacement relations:
1( oy, +5U, au, au,
% 0%,




Equations of Equilibrium

Small deformations of linear, isotropic (i.e., Hookean) material

i(z(‘;x“j ‘“2+—3))+—<2u"“‘)+ (;(““‘ %)w—( <5“1 ;ﬁ“z))wso

X, 24
a au,  ou, au, au au, au au, au.
o 2 a\\Jr ( 2 1\\+ 2 2 +7 724,73 +f,=
e o e e )
Aﬁ(ﬂéu, au, Fua“ a ( (aua cu"‘+ ( \*u3 iuz‘)+ (2;16u3)+f370

Xy OX OX, Xy OX o O% OX

Boundary (force and/or displacement) conditions

Z n,~F b wy=0 n=(ny,n,N;) —unit normal vector at the surface
oyn; - —u?)= .
Ll v uf® - surface displacement components
GO, + 0, =0

Free surface (i.e., F=0): Zﬂ N, =0 0,0, + 0,0, + 00, =0
Tl + 0, + 0N, =0 M+ 0N, +oyN, =

Mixed boundary conditions:

u,=
Displaced surface: s(u,-u/)=0= u=0

To describe elastic properties of
linear isotropic material,

how many moduli of elasticity are required:

% 1. One modulus
% 2. Two moduli
29% 3. Three moduli
1% 4. Four moduli

To describe elastic properties of linear isotropic
material, how many moduli of elasticity are required:

Generalized Hooke’s Law Hooke’s Law
Strain energy (linear, anisotropic material): Strain energy (linear, isotropic material):
1 A
W=+ Cum"s,z ‘l’:‘l’a+56§ + ue]
Stress-strain relations: Stress-strain relations:
T = Cimé, =280y + 20,
81 21 Two elastic constants (% and s, for example)
constants constants are needed to describe linear isotropic material
Symmetry: Nonlinearity
one plane (monoclinic) — 13
two orthogonal planes (orthotropic) - 9 Strain energy:
one axis (transversely isotropic) - 5 _
(cubic) - 3 Y=, 1, 15)

Stress-strain relations:
Nonlinear




Mechanical Properties of Tissue

Elasticity (e.g., bulk and shear moduli)

Viscosity (e.g., bulk and shear viscosities)

Deformation  Load

Viscosity

« Shear viscosity: shear waves
« Bulk viscosity: longitudinal ultrasound waves

« Viscoelastic models:
Maxwell, Voigt, Kelvin, KVFD, etc.

Creep

Stress Relaxation

<
Constant Load =

g Constant Deformation 4
£ Z

Creep Q 8 Cornea
g 2 4
5 Stress Relaxation

" 0 30 & %

Time Time Time (min)

« Is there a characteristic time?

Stress

Load

Viscosity - Equations of Motion

Hysteresis loops:
independent of the rate of loading
(most soft tissues)

Loading Cycles
Strain
L cycle
50
>10" cycle

Elongation

Equilibrium (Newton’s 2" law)

5%,

oo oy,
Yo

Constitutive (stress-strain) relations: N
¢y
at
77— shear viscosity

&~ bulk viscosity

N Oy o
Oy = A6y0) +2uey + £y + 21

+ Bulk and shear viscosities are introduced

« Four (4) parameters are needed to
describe mechanical properties of the
viscoelastic material

« There are various models to describe
constitutive relations, e.g., Voight model,
Maxwell model, Kelvin model, etc.




To describe viscoelastic properties of
linear isotropic material,
how many parameters are required:

0% 1. One parameter
23% 2. Two parameters
18% 3. Three parameters
0% 4.  Four parameters

To describe viscoelastic properties of linear isotropic
material, how many parameters are required:

Equilibrium (Newton’s 2™ law)

590,

T O,

o,
+f; :p?

Constitutive (stress-strain) relations:

dg;
at
17— shear viscosity

- bulk viscosity

N Oy o
O = A6y0) + 2uey + £ 6y + 21

* Bulk and shear viscosities are introduced

« Four (4) parameters are needed to
describe mechanical properties of the
viscoelastic material

« There are various models to describe
constitutive relations, e.g., Voight model,
Maxwell model, Kelvin model, etc.

Mechanical Properties of Tissue

Elasticity (e.g., bulk and shear moduli)
Viscosity (e.g., bulk and shear viscosities)

Nonlinearity (e.g., strain hardening)

10



Nonlinearity - Constitutive Relations

Uniaxial Deformation

Lo

General Concept

- v
 H

P — strain energy function or potential

E - Young’s modulus

Stress

%2
&

v — Poisson’s ratio

Strain

Examples:
Rubber — Mooney-Rivlin function
Foam — Blatz-K(a)o potential
Tissue — ??? (Fung 1981)

‘This is not a definition of a Poisson’s ratio

Stress (kPa)

Strain hardening

Most soft tissues exhibit strain hardening

Tissues of organs with primary “mechanical” functions (muscle, skin,
tendon, etc.)

Other tissues (kidney, brain, blood clot, etc.)
Strain hardening is more common although strain softening is possible

Strain hardening in kidney samples

Vessel Composition (Fung, 1988): (Erkamp et al, 1998)
muscle (soft), elastin (soft), collagen (hard)
40 =
=
30) El
]
3
2
20 £
El
3
2

Elastin
0 11 1z 13 5 1
Stretch ratio (L/Ly) Strain [%]

Strain hardening

Ductal Carcinoma in Situ
=== e e itiating Ductal Carcinoma
= + = =« Fibroodenoma

Lobular Carcinorma
Papllora

= = = = Phyllodes Tumor

ot e Gl TiSSLE
N gtV =2 ———

Ly 002 2,00 D’\;Jﬂﬁlﬁ.'m 0,07 008 008 04

Ratio o Fat at

Tissue Type Strain = 0.01 | Strain=0.05 | Stran=0.10 | Strain=0.15
Glnd 3 3 3 16
Phyllodes Tumor 12 14 19 17,
Papilloma 3 E 16] 3
Lobular Carcinoma 7 12] 21 3
F 9 15 28 s
Infilirating Ductal 10 1?| 37 7
Carcinoma
|Ductal Carcinoma in Situ 18] 20 124)

Table 4: The ratio of ¢lastic modulus of each tissue type to fat at 4 different strain levels,

Welman etal, 1999
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Strain hardening
This and other graphs as well as other literature data suggest that tissue
strain hardening (or nonlinearity in stress-strain relations) can be used for

tissue analysis including composition, differentiation, etc.

Breast tissue

5% Precompression
D20% Pre-compressian

Prostate tissue

Krouskop etal, 1998
Ophi etal, 2001

Mechanical Properties of Tissue

Elasticity (e.g., bulk and shear moduli)
Viscosity (e.g., bulk and shear viscosities)
Nonlinearity (e.g., strain hardening)

Other (e.g., anisotropy, pseudoelasticity)

Anisotropy - Constitutive Relations

Generalized Hooke’s Law Hooke’s Law

Strain energy (linear, anisotropic material): Strain energy (linear, isotropic material):

1 A
Y=Y, +Ecmsuzm" v=Y, +Eef + ue]

Stress-strain relations: Stress-strain relations:

i = Cijmém 0y =480 + 241
81 21 Two elastic constants (% and p, for example)
constants constants are needed to describe linear isotropic material
Symmetry: H H
ymmeLry: Nonlinearity
one plane (monoclinic) - 13
two orthogonal planes (orthotropic) - 9 Strain energy:
one axis (transversely isotropic) ~5 _
(cubic) - 3 Y=, 1, 15)

Stress-strain relations:

Nonlinear

12



Anisotropy

« Avrterial wall: orthotropic material — 9 constants
two orthogonal planes of symmetry

« Muscle: transversely isotropic — 5 constants
axis of symmetry

« Isotropic — 2 constants

5 10 15
strain (%)

£

8%
4%
4%
8%

To describe elastic properties of
linear anisotropic material, how many
parameters are required:

One parameter

Two parameters

Nine parameters
Twenty one parameters

= D

To describe elastic properties of linear anisotropic

material, how many parameters are required

Generalized Hooke’s Law
Strain energy (linear, anisotropic material):
1
V=1 +Ecumnsugmn

Stress-strain relations:

Hooke’s Law
Strain energy (linear, isotropic material):

‘l’:‘l’ﬂ+£5§ +ug]

2
Stress-strain relations:
Oy = A6,0; +2ue;

s = Cijmém
81 21
constants constants
Symmetry:

one plane (monoclinic) - 13
two orthogonal planes (orthotropic) - 9
one axis (transversely isotropic) -5
(cubic) -3

Two elastic constants (3 and y, for example)
are needed to describe linear isotropic material

Nonlinearity
Strain energy:
Y="(,1,1,)
Stress-strain relations:
Nonlinear

13
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Mechanical Properties of Tissue:
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Verlag; New York, 1981
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pp. 260-274, 1998
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tissues,” Biophysics, Pergamon, 45(6):1103-1111, 2000.
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Levy, Bass and Stern, Academic Press, 2001

Other text books and archival publications

Elasticity Imaging — Approaches

Static (strain-based, or reconstructive)
imaging internal motion under static deformation

Dynamic (wave-based)
imaging shear wave propagation

14



Elasticity Imaging — Approaches

Displacement

How ... Static Elasticity Imaging?

Strain Amplitude

Static (strain-based, or reconstructive)
imaging internal motion under static deformation

Displacement

How ... Static Elasticity Imaging?

Strain

Soft

Range

Hard

Range

15



How

. Static Elasticity Imaging?

Capture data during deformation
Estimate displacement vector (3-D)
Compute strain tensor (3-D)

Reconstruct mechanical properties

Static or Reconstructive
Ultrasound Elasticity Imaging

B-Scan Displacements Strains. Elasticity

————
uig- 4
P

5

Deform and image Track internal motion  Evaluate deformations Reconstruct
Young’s or shear
elastic modulus

Elasticity Reconstruction:
back to Equations of Equilibrium

Small deformations of linear, isotropic (i.e., Hookean) material

a au,  du, du, au, au, au, au
(P, O, Oy 2, M h , Oy b, ay ¢ g
Px,((x,+6x +PK))+6X,(”PX1)+0 (#(Px P)g))+<°x(( ))+1
&l au,  du, au. au a Pu au, au.
(P, Mz g 2 M 2, Mgy i f, =0
G R G (%+ax R B ek
a au, ou, du, au, a éu au, au
;: b O, Ol (s, Oy (P, Moy 212y 4 1,=0
G T o, )J'ax,( ES E?x3')+8x2( o ) o (“ )t

Eliminating “non-measurable” parameters and assuming “2-D” case:

au, , ou, au au,
P P R —))}——{au«%w» SoeugE )}

Second-order hyperbolic partial differential equation:
mechanical boundary conditions are required along two intersecting characteristics
no assumptions are made regarding either A(x,,X,) or Poisson’s ratio

16



Elasticity Imaging — Approaches

Dynamic (wave-based)
imaging shear wave propagation

PN S
F— (NG @ s
D @ s
L=Lg+AL

Strain

Constitutive relationships

o, =Eé&;,  E- Young’s modulus

Equations of motion

o GL
ooy _ o'

o A Ed

Theory of Elasticity
(Dynamic Approach)

General (3-D) case

o Lfou ou au au
P2lex o ox ox

&y Ep &3 O O, Oy
&1 Ep &3 |*T*| 0y O Op
€ 3 €y O3 Oz Oy

s a2 065 o
oy = :”o‘,+ ‘ué“‘+.,?0u+ ”W

Example: plane waves

« Infinite homogeneous (%,u=const) elastic medium (i.e., ignore bulk and shear
viscosities), no body forces (f=0)

* Assume that u;=uy (Xy,t), Up=U,(Xy,t), and uz=us(xy,t)

a au,  du, au a au, a ay,  du a au,  au. %y,
— (A + 2+ 2+ —(Qu—2) +— (u(E+ =2) +— (u(=+ =) = L
ﬁ( ( o, ﬁxz)) EA ( ”6)(1) o (/4(6)(2 o, ) x ('u(ﬁxz o N=p Fo

8“1))+L(2y&)+i
o, ox ok, ox

ou, | ou, | du,,, 2] a 8”“)+ a ( (OU;  du,
= (uC )
OX,

2
+2 0u s,
) o Mo ) e B

(2 4-2;4)32Li1 —pazgl -0 52%1 _%BZL;] —0 where ¢, = |24 Longitudinal wave
O, ot ox; ¢l ot P (ultrasound)

% & du. 1 84
u—_pZ M g, Z 0 -7 20 _0 where ¢, = [£ shearwaves!
x at o g at p

17



Speed of shear waves is most closely related to:

18% 1. Poisson’s ratio
11% 2. Bulk modulus
7% 3. Young’s modulus
11% 4. Compressibility

Speed of shear waves is most closely related to

« Infinite homogeneous (,u=const) elastic medium (i.e., ignore bulk and shear
viscosities), no body forces (f=0)

 Assume that u;=u; (Xy,t), U;=Uy(Xy,t), and uz=u(x,,t)

SUGH i,:u"“%—(zﬂ ')+—<y(—'+%)>+—(/z(a"‘+—3>)
a aA a, o ou, o a au,,
: o ox,
«i”'ax] L ‘;“’m&( & ';”;» BX 3 ax“)+—(2u5“3) pa“’
2 — —
o, 62'—‘1 ouy, 1%, A+24 Longitudinal wave
_Lou = [Ar2u
(A+2u)—=-p - ——t-5—=0 where ¢, =
ox; at? ox; ¢l ot P (ultrasound)
o o 2% 1 8% Shear waves !
1 _ 5220 g, T M S T g here ¢, = |4 E=3
o T ,

Pushing mode

Shear Wave
Imaging

BT

Tinaging ode

o
e

~03m

L -
&)

Processing

Beams-forming

v
1D Cross -comelation

exp =20 ms Ueln)

Plane wave insonification af 3000 Hz

Bercoffetal. 2004
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Supersonic
Shear Wave Imaging
*—

[

Plane shear war
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